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ON DEGENERATE PARA-CR STRUCTURES:
CARTAN REDUCTION AND HOMOGENEOUS MODELS
JOËL MERKER AND PAWEŁ NUROWSKI
Abstract. Motivated by recent works in Levi degenerate CR geometry, this
article endeavours to study the wider and more flexible para-CR structures
for which the constraint of invariancy under complex conjugation is relaxed.
We consider 5-dimensional para-CR structures whose Levi forms are of con-
stant rank 1 and that are 2-nondegenerate both with respect to parameters
and to variables. Eliminating parameters, such structures may be repre-
sented modulo point transformations by pairs of PDEs zy = F(x, y, z, zx) &
zxxx = H(x, y, z, zx, zxx), with F independent of zxx and Fzxzx 6= 0, that are
completely integrable D3xF = ∆yH,
Performing at an advanced level Cartan’s method of equivalence, we deter-
mine all concerned homogeneous models, together with their symmetries:
(i) zy = 14 (zx)
2 & zxxx = 0;
(ii) zy = 14 (zx)
2 & zxxx = (zxx)3;
(iiia) zy = 14 (zx)
b & zxxx = (2 − b)
(zxx)
2
zx
with zx > 0 for any real b ∈ [1, 2);
(iiib) zy = f(zx) & zxxx = h(zx)
(
zxx
)2, where the function f is determined
by the implicit equation:(
z2x + f(zx)
2
)
exp
(
2b arctan
bzx−f(zx)
zx+bf(zx)
)
= 1 + b2
and where:
h(zx) :=
(b2 − 3)zx − 4bf(zx)(
f(zx) − bzx
)2 ,
for any real b > 0.
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1. Introduction
In [56], Nurowski-Sparling explored in depth the close relationships between
the geometry associated with second order ordinary differential equations defined
modulo point transformations of variables, and the geometry of three-dimensional
Cauchy-Riemann (CR) structures. The goal of this article is to explain how certain
degenerate five-dimensional CR structures give rise, analogously, to certain closely
tied pairs of PDEs, and then, to find all the concerned homogeneous geometries.
Because a forthcoming survey [51] will expose historical and synthetic aspects,
we directly come to the heart of the matter, i.e. we start by presenting the PDE
systems studied in this article. Then we perform a precise description of the contents
of our contribution.
Given a Cω real hypersurface M5 ⊂ C3 of complex-graphed equation:
w = Q(z1, z2, z1, z2, w)
obtained by solving for w a real implicit equation ρ(z1, z2, w, z1, z2, w) = 0, one
can forget about complex conjugation, work over the field K = R or K = C, and
consider instead, in coordinates (x, y, z, a, b, c) a so-called submanifold of solutions
M⊂ K2+1x,y,z ×K2+1a,b,c having two equivalent equations:
z = Q(x, y, a, b, c) and c = P(a, b, x, y, z).
One thinks that (x, y, z) are the variables, while (a, b, c) are the parameters. Two
Levi forms, with respect to parameters and with respect to variables, can be defined
They are represented by two 2× 2 matrices:(
−QcQxa+QaQxc
Q2c
−QcQxb+QbQxc
Q2c
−QcQya+QaQyc
Q2c
−QcQyb+QbQyc
Q2c
)
and
(
−PzPax+PxPaz
P2z
−PzPay+PyPaz
P2z
−PzPbx+PxPbz
P2z
−PzPby+PyPbz
P2z
)
.
Furthermore, these two Levi forms are linked in a way [49, Lm. 9.1] that guarantees:
rank Levipar(Q) = rank Levivar(P).
As in [52], we will assume that the Levi forms have (common) constant rank 1.
Also, similarly as for CRmanifolds, two nonequivalent notions of 2-nondegeneracy,
with respect to parameters and to variables, may be defined [49, Sections 15, 20].
They are expressed invariantly by:
0 6=
∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qxxa Qxxb Qxxc
∣∣∣∣∣∣ and 0 6=
∣∣∣∣∣∣
Px Py Pz
Pax Pay Paz
Paax Paay Paaz
∣∣∣∣∣∣ .
As Segre did in [65], from the three equations:
z = Q(x, y, a, b, c), zx = Qx(x, y, a, b, c), zxx = Qxx(x, y, a, b, c),
assuming 2-nondegeneracy with respect to parameters, we can solve (a, b, c) and
replace them in zy = Qy, zxxx = Qxxx, obtaining a completely integrable system
of two PDEs:
(1.1) zy = F(x, y, z, zx, zxx) & zxxx = H(x, y, z, zx, zxx).
It is elementary to verify [49, Prp. 23.1] that the rank of the Levi form of the
submanifold of solutions was 1 if and only if:
0 ≡ Fzxx .
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So we do assume that F is independent of zxx. It is also elementary to verify [49,
Prp. 26.2] that the submanifold of solutions was 2-nondegenerate with respect to
variables if and only if:
0 6= Fzxzx .
The degenerate branch Fzxzx ≡ 0 will not be studied in this article, and we will
constantly assume Fzxx ≡ 0 6= Fzxzx .
The graphed model inspired from [21], rewritten z+ c = 2xa+x
2b+a2y
1−yb , conducts
to the model PDE system:
zy =
1
4
(zx)
2 & zxxx = 0.
In Subsection 2.2, we show that its Lie group of decoupled symmetries [48, 34]:
(x, y, z, a, b, c) 7−→ ((x ′(x, y, z), y ′(x, y, z), z ′(x, y, z), a ′(a, b, c), b ′(a, b, c), c ′(a, b, c)),
which are point equivalences of the PDE system, is isomorphic to SO(3, 2).
Passing to the general case, introducing the two total differentiation operators
pulled-back to the PDE system:
D := ∂x + p∂z + r ∂p +H∂r & ∆ := ∂y + F ∂z +DF∂p +D
2F ∂r,
the complete integrability expresses as D3F = ∆H, and guarantees [48, § 1] that
the general solution is of the form Q(x, y, a, b, c).
Forgetting about submanifolds of solutions, we launch Cartan’s method by defin-
ing a 2-nondegenerate para-CR structure on a real 5-manifoldM 3 (x, y, z, p, r) as-
sociated with the above two PDEs (1.1) as an equivalence class of 1-forms modulo
point equivalences in terms of an initial coframe of (contact) 1-forms, together with
lifted 1-forms, ‘rotated’ by an initial G-structure:
ω1 := dz− pdx− Fdy,
ω2 := dp− rdx−DFdy,
ω3 := dr−Hdx−D2Fdy,
ω4 := dx,
ω5 := dy,

θ1
θ2
θ3
θ4
θ5
 :=

f1 0 0 0 0
f2 ρeφ f4 0 0
f5 f6 f7 0 0
f¯2 0 0 ρe−φ f¯4
f¯5 0 0 f¯6 f¯7


ω1
ω2
ω3
ω4
ω5
 .
Similarly to the CR case ([60, 52, 20]), we perform several torsion normalizations,
which lead us to change the initial coframe on M into:

ω1
ω2
ω3
ω4
ω5
 7−→

−1 0 0 0 0
0 1 0 0 0
(2H2r+9Hp−3DHr)
18
Hr
3
−1 0 0
0 0 0 1 Fp
3FppFpppp−5F
2
ppp
18F2pp
0 0
Fppp
3Fpp
FpppFp−3F
2
pp
3Fpp
 ·

ω1
ω2
ω3
ω4
ω5
 ,
and we invariantly reduce the G-structure to only 4 parameters ρ, φ, f2, f¯2 — plus
one extra parameter u1 —, the bar having nothing to do with complex conjugation
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except some analogy link with the CR computations in [52]:

θ1
θ2
θ3
θ4
θ5
 :=

ρ2 0 0 0 0
f2 ρeφ 0 0 0
(f2)2
2ρ2
f2eφ
ρ
e2φ 0 0
f¯2 0 0 ρe−φ 0
− (f¯
2)2
2ρ2
0 0 −f¯
2e−φ
ρ
e−2φ
 ·

ω1
ω2
ω3
ω4
ω5
 .
After computational cleaning, we obtain our first result, which happens to be the
para-CR analog of [20, Thm. 13.1].
Theorem 1.1. On the bundle G9 =M5 ×G4 with M5 3 (x, y, z, p, r) times R4 3
(ρ,φ, f2, f2), there exist four 1-forms Ω1, Ω2, Ω3, Ω4 with θ1, θ2, θ3, θ4, θ5, Ω1,
Ω2, Ω3, Ω4 linearly independent at every point which satisfy the following para-CR
invariant exterior differential system:
(1.2)
dθ1 = − θ1 ∧Ω1 + θ
2 ∧ θ4,
dθ2 = θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3 + θ
3 ∧ θ4,
dθ3 = 2θ3 ∧Ω2 − θ
2 ∧Ω3 +
e3φ
ρ3
I1 θ1 ∧ θ4 + e
−φ
ρ
I3 θ2 ∧ θ3+
1
8ρ3
(
2eφf¯2I3|5 + ρ(I
3
|52 + 2I
3
|4) − 4e
−φf2I3
)
θ1 ∧ θ3,
dθ4 = − θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4,
dθ5 = −2θ5 ∧Ω2 + θ
4 ∧Ω4 +
e−3φ
ρ3
I2 θ1 ∧ θ2 − e
φ
2ρ
I3|5 θ
4 ∧ θ5+
1
8ρ3
(
2eφf¯2I3|5 + ρ(I
3
|52 + 2I
3
|4) − 4e
−φf2I3
)
θ1 ∧ θ5,
where I1, I2, I3 are explicit relative differential invariants on the base M:
I1 := − 1
54
(
9D2Hr − 27DHp − 18DHrHr + 18HpHr + 4H
3
r + 54Hz
)
,
I2 :=
40F3ppp − 45FppFpppFpppp + 9F
2
ppFppppp
54 F3pp
,
I3 :=
2Fppp + FppHrr
3 Fpp
,
and where (·)|i for i = 1, . . . , 5 denote directional derivatives along the vector fields
Xi dual to θi.
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0 6=
0 6=0 6=
I3
I2
I1I2|5
I3|5
Flat model
zxxx=0
zy=
1
4
z2xx
zxxx=z
3
xx
1-parameter family
Single homogeneous model
0 6=
Differential
zy=
1
4
z2x contradiction
Differential
of homogeneous models contradiction
≡ 0
≡ 0
0 6=
≡ 0
≡ 0
≡ 0
Developing the technique of Cartan in e.g. [6, Chap. III], we split the study in two
branches: I3 6= 0 and I3 ≡ 0. When I3 6= 0, we show that one can normalize ρ, u1,
f¯2. Then in the obtained structure equations, I3|5 becomes a relative invariant. We
show that I3|5 ≡ 0 conducts to a differential contradiction. When I3|5 6= 0, we can
also normalize φ, f2, hence obtaining an {e}-structure on the base M, cf. [60, 52].
At first, certain 15 scalar constant curvatures appear, and by looking at differential
consequences of d ◦ d = 0, they reduce to only one pair of solutions, with  = ±1,
and we come to Maurer-Cartan type equations:
dθ1 = 
(
− 6θ1 ∧ θ3 + 1
2
θ1 ∧ θ4 − 3
2
θ1 ∧ θ5
)
+ θ2 ∧ θ4,
dθ2 = 
(
− 1
16
θ1 ∧ θ2 − 2θ2 ∧ θ3 + 1
2
θ2 ∧ θ4 − θ2 ∧ θ5
)
− θ1 ∧ θ3+
1
32
θ1 ∧ θ4 − 1
8
θ1 ∧ θ5 + θ3 ∧ θ4,
dθ3 = 
(
− 3
16
θ1 ∧ θ3 + 1
2
θ3 ∧ θ4 − 1
2
θ3 ∧ θ5
)
+ 1
32
θ2 ∧ θ4 − 1
8
θ2 ∧ θ5,
dθ4 = 
(
− 1
8
θ1 ∧ θ4 + 1
4
θ1 ∧ θ5 + 4θ3 ∧ θ4 − 1
2
θ4 ∧ θ5
)
− θ2 ∧ θ5,
dθ5 = 
(
− 1
16
θ1 ∧ θ5 + 2θ3 ∧ θ5 − 1
4
θ4 ∧ θ5
)
.
Next, in the branch I3 ≡ 0, the equations (1.2) become:
dθ1 =− θ1 ∧Ω1 + θ
2 ∧ θ4,
dθ2 =θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3 + θ
3 ∧ θ4,
dθ3 =2θ3 ∧Ω2 − θ
2 ∧Ω3 +
e3φ
ρ3
I1 θ1 ∧ θ4,
dθ4 =− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4,
dθ5 =− 2θ5 ∧Ω2 + θ
4 ∧Ω4 +
e−3φ
ρ3
I2 θ1 ∧ θ2.
Here, I1 and I2 are relative invariants.
In the sub-branch I2 6= 0, we first normalize ρ, u1, f¯2. Then I2|5 becomes a
relative invariant. We show that I2|5 ≡ 0 leads to a differential contradiction.
When I2|5 6= 0, we can also normalize φ, f2, hence obtaining an {e}-structure on
the base M, cf. [60, 52]. At first, certain 12 scalar constant curvatures appear,
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and by looking at differential consequences of d ◦ d = 0, they reduce to one pair of
1-parameter solutions and we come to Maurer-Cartan type equations, parametrized
by any s ∈ R, again with  = ±1:
dθ1 =− 
(
θ1 ∧ θ3 + θ1 ∧ θ5
)
+ θ2 ∧ θ4,
dθ2 = 
(
sθ1 ∧ θ2 − θ2 ∧ θ5
)
− sθ1 ∧ θ4 + θ3 ∧ θ4,
dθ3 = 
(
θ1 ∧ θ4 − θ3 ∧ θ5
)
− θ1 ∧ θ2 − sθ2 ∧ θ4,
dθ4 = 
(
− sθ1 ∧ θ4 + θ3 ∧ θ4
)
+ sθ1 ∧ θ2 − θ2 ∧ θ5,
dθ5 = 
(
− θ1 ∧ θ4 + θ3 ∧ θ5
)
+ θ1 ∧ θ2 + sθ2 ∧ θ4.
Lastly, when I2 ≡ 0, we show that I1 ≡ 0 too necessarily, and we show that
the structure equations are those of the model zy = 14 (zxx)
2 & zxxx = 0. The
diagram above summarizes these explanations.
By general features of Cartan’s method, all obtained para-CR structures are
pairwise not equivalent.
To conclude, by setting up the PDEs associated to para-CR submanifolds of so-
lutions inspired from Fels-Kaup’s list [25], we realize all these homogeneous models
as stated in our main
Theorem 1.2. Homogeneous models for 2-nondegenerate PDE five variables para-
CR structures are classified by the following list of mutually inequivalent models:
(i) zy = 14 (zx)
2 & zxxx = 0;
(ii) zy = 14 (zx)
2 & zxxx = (zxx)
3;
(iiia) zy = 14 (zx)
b & zxxx = (2− b)
(zxx)
2
zx
with zx > 0 for any real b ∈ [1, 2);
(iiib) zy = f(zx) & zxxx = h(zx)
(
zxx
)2, where the function f is determined by
the implicit equation:(
z2x + f(zx)
2
)
exp
(
2b arctanbzx−f(zx)
zx+bf(zx)
)
= 1+ b2
and where:
h(zx) :=
(b2 − 3)zx − 4bf(zx)(
f(zx) − bzx
)2 ,
for any real b > 0.
The body of the paper is devoted to provide a streamlined exposition of our
Cartan-type techniques. In the last Section 5, the reader will find the Lie algebras
of point symmetries of these models (i), (ii), (iiia), (iiib).
Acknowledgments. This work would not have been realized without the gener-
ous support of the Polish National Science Center. Hoping to benefit from renewed
excellent working conditions, the authors would like to thank the Center for The-
oretical Physics of the Polish Academy of Sciences in Warsaw and the Institut de
Mathématique d’Orsay in Paris.
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2. Preliminaries
2.1. Five dimensional para-CR manifolds with Levi form degenerate in
one direction. A 5-dimensional CR manifold whose Levi form is degenerate in
precisely one direction, and which is not locally CR-isomorphic to a product of a
3-dimensional CR manifold times C, is called 2-nondegenerate at a generic point. It
is well known that the flat model for 5-dimensional 2-nondegenerate CR manifolds,
is a ‘tube over the future light cone’ [29], and as such can be embedded in C3 with
coordinates (x, y, z) as:
(2.1) (x+ x¯)2 + (y− y¯)(z− z¯) = 0.
This CR manifold is flat in the sense that it has maximal group of local sym-
metries among all 5-dimensional 2-nondegenerate CR manifolds. This symmetry
group is isomorphic to SO(3, 2). In other words all 5-dimensional 2-nondegenerate
CR manifolds are described in terms of a Cartan reduction to an {e}-structure, with
flat model having Maurer-Cartan equations of the Lie group SO(3, 2), and a CR
manifold is locally equivalent to the tube over the future light cone if and only if
the curvature of this connection identically vanish ([36, 45, 52]).
In this paper we will study a para-CR version of 5-dimensional 2-nondegenerate
CR manifolds. As explained in details in [34, 48] a geometry of para-CR manifolds
is closely related to the geometry of certain systems of PDEs. To see this consider
the tube over the future light cone (2.1) and think about variables (x, y, z, x¯, y¯, z¯) as
beeing real, i.e. (x, y, z, x¯, y¯, z¯) ∈ R6 = R3 ⊕ R3, where we have put a bar over the
second R3 in the summand, to emphasize the difference between the real variables
(x, y, z) and the real variables (x¯, y¯, z¯).
Treating (x, y, z, x¯, y¯, z¯) in (2.1) as real, we solve this equation for z obtaining
(2.2) z = −
(x+ x¯)2
y− y¯
+ z¯.
And now we interpret this expression as a defining formula for a 3-parameter family
of functions z = z(x, y; x¯, y¯, z¯) on the plane (x, y), with (x¯, y¯, z¯) enumerating the
members of the family. We calculate the derivatives zx, zy and zxxx and observe
that regardless of (x¯, y¯, z¯) we have
(2.3) zy = 14 (zx)
2 & zxxx = 0.
Conversely, a system of PDEs on the plane (2.3) for the unknown z = z(x, y) has
(2.2) as its most general solution.
Para-CR structures associated with the system of PDEs defined in the title of
this article and, in particular, the para-CR structure associated with the system
(2.3), according to Definition 2.3 from [34], is of type (1, 2, 2) i.e. is defined in
terms of an equivalence class [(ω1,ω2,ω3,ω4,ω5)] of 1-forms on a 5-dimensional
manifold M such that:
• ω1 ∧ω2 ∧ω3 ∧ω4 ∧ω5 6= 0 at each point of M,
• two choices of 1-forms (ω1,ω2,ω3,ω4,ω5) and (ω¯1, ω¯2, ω¯3, ω¯4, ω¯5) are
equivalent iff there exist real functions f, fi, fij, with i, j = 2, 3, 4, 5, such
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that:
(2.4)

ω¯1
ω¯1
ω¯1
ω¯1
ω¯1
 =

f 0 0 0 0
f2 f22 f
2
3 0 0
f3 f32 f
3
3 0 0
f4 0 0 f44 f
4
5
f5 0 0 f54 f
5
5


ω1
ω2
ω3
ω4
ω5

with of course f(f22f33 − f23f32)(f44f55 − f45f54) 6= 0,
• in addition, any (hence all) representative(s) (ω¯1, ω¯2, ω¯3, ω¯4, ω¯5) of the
equivalence class [(ω1,ω2,ω3,ω4,ω5)] must satisfy integrability condi-
tions
(2.5)
dω¯1 ∧ ω¯1 ∧ ω¯2 ∧ ω¯3 = 0,
dω¯2 ∧ ω¯1 ∧ ω¯2 ∧ ω¯3 = 0,
dω¯3 ∧ ω¯1 ∧ ω¯2 ∧ ω¯3 = 0,
dω¯1 ∧ ω¯1 ∧ ω¯4 ∧ ω¯5 = 0,
dω¯4 ∧ ω¯1 ∧ ω¯4 ∧ ω¯5 = 0,
dω¯5 ∧ ω¯1 ∧ ω¯4 ∧ ω¯5 = 0,
hence defining two integrable rank 2 distributions D1 = (ω1,ω2,ω3)⊥ and
D2 = (ω1,ω4,ω5)⊥ on M.
A para-CR structure has the Levi form degenerate in precisely one direction if
and only if in the class of forms (2.4) there exists a representative (ω¯1, ω¯2, ω¯3, ω¯4, ω¯5)
such that
dω¯1 ∧ ω¯1 = ω¯2 ∧ ω¯4 ∧ ω¯1.
In the case when a para-CR structure has a Levi form degenerate in precisely one
direction, it is 2-nondegenerate if and only if in the class of forms (2.4) there exists
a representative (ω¯1, ω¯2, ω¯3, ω¯4, ω¯5) such that
dω¯1 ∧ ω¯1 = ω¯2 ∧ ω¯4 ∧ ω¯1 & dω¯4 ∧ ω¯1 ∧ ω¯4 6= 0.
Given a PDE system (2.3) one can consider a 5-dimensional manifold M of
second jets for the function z, parameterized by (x, y, z, zx, zxx), and define 1-forms
(2.6)
ω¯1 = dz− zxdx−
1
4
(zx)
2dy
ω¯2 = dzx − zxxdx−
1
2
zxzxxdy
ω¯3 = dzxx −
1
2
(zxx)
2dy
ω¯4 = dx
ω¯5 = dy.
One can easilly verify that they satisfy the integrability conditions (2.5). Thus,
they define a (1, 2, 2) type para-CR structure onM by considering all five-tuples of
1-forms (ω1,ω2,ω3,ω4,ω5) given by
(2.7)

ω1
ω2
ω3
ω4
ω5
 =

f 0 0 0 0
f2 f22 f
2
3 0 0
f3 f32 f
3
3 0 0
f4 0 0 f44 f
4
5
f5 0 0 f54 f
5
5


ω¯1
ω¯2
ω¯3
ω¯4
ω¯5
 ,
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with arbitrary functions f, fifij on M such that
(2.8) f(f22f33 − f23f32)(f44f55 − f45f54) 6= 0.
As explained in [34] this para-CR manifold describes the same differential geometry
as the system of PDEs (2.3) considered modulo point transformations of variables.
2.2. The flat model and its EDS. Let (ω¯1, ω¯2, ω¯3, ω¯4, ω¯5) be the forms (2.6)
defining the para-CR structure corresponding to the PDE system (2.3). We use an
equivalent representative of these forms given by
ω1
ω2
ω3
ω4
ω5
 =

−1 0 0 0 0
0 1 0 0 0
0 0 −1 0 0
0 0 0 1 1
2
zx
0 0 0 0 −1
2


ω¯1
ω¯2
ω¯3
ω¯4
ω¯5
 ,
i.e.
(2.9)
ω1 = −dz+ zxdx+
1
4
(zx)
2dy
ω2 = dzx − zxxdx−
1
2
zxzxxdy
ω3 = −dzxx +
1
2
(zxx)
2dy
ω4 = dx+ 1
2
zxdy
ω5 = −1
2
dy.
They satisfy the system:
dω1 = ω2 ∧ω4
dω2 = zxxω
2 ∧ω5 +ω3 ∧ω4
dω3 = 2zxxω
3 ∧ω5
dω4 = −ω2 ∧ω5 − zxxω
4 ∧ω5
dω5 = 0.
These equations show, in particular, that the para-CR structure defined by the
PDE system (2.3) has the Levi form degenerate in precisely one direction and that
it is 2-nondegenerate.
For reasons which will be clear in the proof of Theorem 2.1 it is convenient to
define the following auxiliary 1-forms:
(2.10) $1 = 0, $2 = zxxω5, $3 = 0, $4 = 0, $5 = 0.
Although majority of these forms are vanishing, they will not vanish in the case of
a general system of PDEs defined in the title of this article.
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With these auxiliary forms the system of ten 1-forms (ω1,ω2,ω3,ω4,ω5,$1,$2,
$3,$4, $5) on M satisfies an EDS:
(2.11)
dω1 = ω2 ∧ω4 −ω1 ∧$1
dω2 = ω3 ∧ω4 +ω2 ∧ ($2 −
1
2
$1) −ω
1 ∧$3
dω3 = 2ω3 ∧$2 −ω
2 ∧$3
dω4 = −ω2 ∧ω5 −ω4 ∧ (1
2
$1 +$2) −ω
1 ∧$4
dω5 = −2ω5 ∧$2 +ω
4 ∧$4
d$1 = −ω
4 ∧$3 +ω
2 ∧$4 −ω
1 ∧$5
d$2 = −ω
3 ∧ω5 − 1
2
ω4 ∧$3 −
1
2
ω2 ∧$4
d$3 = −(
1
2
$1 +$2)∧$3 +ω
3 ∧$4 −
1
2
ω2 ∧$5
d$4 = ($2 −
1
2
$1)∧$4 +ω
5 ∧$3 −
1
2
ω4 ∧$5
d$5 = −$1 ∧$5 + 2$3 ∧$4.
Now we consider the most general forms defining the para-CR structure correspond-
ing to the PDE system (2.3). These are
(2.12)

θ1
θ2
θ3
θ4
θ5
 =

f 0 0 0 0
f2 f22 f
2
3 0 0
f3 f32 f
3
3 0 0
f4 0 0 f44 f
4
5
f5 0 0 f54 f
5
5


ω1
ω2
ω3
ω4
ω5
 ,
with (ω1,ω2,ω3,ω4,ω5) as in (2.9). These forms live on a (5 + 13)-dimensional
bundle M× G0 →M, with a group G0 = (GL(2,R)×GL(2,R))o R5 consisting
of all matrices of the form:
S =

f 0 0 0 0
f2 f22 f
2
3 0 0
f3 f32 f
3
3 0 0
f4 0 0 f44 f
4
5
f5 0 0 f54 f
5
5
 such that det(S) 6= 0.
Theorem 2.1. The para-CR structure [(ω1,ω2,ω3,ω4,ω5)] defined on M by
a representative (ω1,ω2,ω3,ω4,ω5) as in (2.9) locally uniquely defines a 10-
dimensional principal bundle G =M×G→M, with a 5-dimensional Lie group G
consisting of all matrices of the form
(2.13) U =

e−φ
r
− e
−φ(ss¯+r4u)
2r3
− s¯
r2
0 − e
φs¯2
2r3
0 re−φ 0 0 0
0 se
−φ
r
1 0 s¯e
φ
r
0 s
2e−φ
2r3
s
r2
eφ
r
eφ(ss¯−r4u)
2r3
0 0 0 0 reφ

,
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and a rigid coframe (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4,Ω5) on G satisfying:
(2.14)
dθ1 = θ2 ∧ θ4 − θ1 ∧Ω1
dθ2 = θ3 ∧ θ4 + θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3
dθ3 = 2θ3 ∧Ω2 − θ
2 ∧Ω3
dθ4 = −θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
dθ5 = −2θ5 ∧Ω2 + θ
4 ∧Ω4
dΩ1 = −θ
4 ∧Ω3 + θ
2 ∧Ω4 − θ
1 ∧Ω5
dΩ2 = −θ
3 ∧ θ5 − 1
2
θ4 ∧Ω3 −
1
2
θ2 ∧Ω4
dΩ3 = −(
1
2
Ω1 +Ω2)∧Ω3 + θ
3 ∧Ω4 −
1
2
θ2 ∧Ω5
dΩ4 = (Ω2 −
1
2
Ω1)∧Ω4 + θ
5 ∧Ω3 −
1
2
θ4 ∧Ω5
dΩ5 = −Ω1 ∧Ω5 + 2Ω3 ∧Ω4.
Proof. The proof of this theorem follows from the observation that the forms
(ω1,ω2, ω3, ω4,ω5,$1,$2,$3,$4,$5) satisfying the EDS (2.11) constitute a
pullback
B =

1
2
$1 −$2 −
1
2
$5 $4 ω
5 0
ω1 −1
2
$1 −$2 ω
4 0 ω5
ω2 −$3 0 ω
4 −$4
ω3 0 −$3
1
2
$1 +$2 −
1
2
$5
0 ω3 −ω2 ω1 −1
2
$1 +$2

toM, by an identity section σ :M→ G, of a flat so(3, 2)-valued Cartan connection
(2.15) ω =

1
2
Ω1 −Ω2 −
1
2
Ω5 Ω4 θ
5 0
θ1 −1
2
Ω1 −Ω2 θ
4 0 θ5
θ2 −Ω3 0 θ
4 −Ω4
θ3 0 −Ω3
1
2
Ω1 +Ω2 −
1
2
Ω5
0 θ3 −θ2 θ1 −1
2
Ω1 +Ω2

on the bundle G pi→ M. The relation between the pullback B and the Cartan
connection ω is given by
(2.16) ω = U·pi∗(B)·U−1 − dU·U−1,
with U given by (2.13). On the identity section we have U = id, and ω = B.
Relation (2.16), when written component by component, gives

θ1
θ2
θ3
θ4
θ5
 =

r2 0 0 0 0
s reφ 0 0 0
s2
2r2
seφ
r
e2φ 0 0
s¯ 0 0 re−φ 0
− s¯
2
2r2
0 0 − s¯e
−φ
r
e−2φ
 ·

ω1
ω2
ω3
ω4
ω5
 ,
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and
Ω1 =
2dr
r
− ur2ω1 −
s¯eφ
r
ω2 +
se−φ
r
ω4,
Ω2 = −dφ+
ss¯
2r2
ω1 +
s¯eφ
2r
ω2 +
se−φ
2r
ω4 + zxxω
5,
Ω3 =
ds
r2
−
s
r2
(dφ+
dr
r
) − 1
2
suω1 −
eφ(ss¯+ r4u)
2r3
ω2 −
s¯e2φ
r2
ω3 +
e−φs2
2r3
ω4 +
szxx
r2
ω5,
Ω4 =
ds¯
r2
+
s¯
r2
(dφ−
dr
r
) − 1
2
s¯uω1 −
s¯2eφ
2r3
ω2 +
e−φ(ss¯− r4u)
2r3
ω4 −
e−2φ(s+ e2φs¯zxx)
r2
ω5,
Ω5 = −du−
2udr
r
+
2ss¯dφ
r4
+
sds¯
r4
−
s¯ds
r4
+
1
2
r2u2ω1 +
s¯eφu
r
ω2 +
e2φs¯2
r4
ω3 −
e−φsu
r
ω4 −
se−2φ(s+ 2e2φs¯zxx)
r4
ω5.
In these expressions the forms (ω1,ω2,ω3,ω4,ω5) are as in (2.9). Check, in
particular, that on the identity section given by r = 1, φ = 0, f = 0, f¯ =
0, u = 0, the forms (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4,Ω5) become respectively
(ω1,ω2,ω3,ω4,ω5,$1 = 0,$2 = zxxω
5,$3 = 0,$4 = 0,$5 = 0), which ex-
plains why we introduced the forms ωi in (2.10).
The fact that the above coframe (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4,Ω5) on G
satisfies the EDS (2.14) is equivalent to the following equality
dω+ω∧ω = 0,
satisfied by the Cartan connection ω. This can be checked by a direct calcula-
tion using the explicit expressions for (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4,Ω5) given
above.
Thus, the Cartan connection ω given by (2.15) is flat, and the so(3, 2)-valued
1-form ω can be interpreted as a Maurer-Cartan form on the group SO(3, 2). The
Cartan bundle G →M is then identified as a realization of the homogeneous model
G→ SO(3, 2)→M = SO(3, 2)/G, which has a natural para-CR structure related
to forms (ω1,ω2,ω3,ω4,ω5) being in the same equivalence class as the respective
descendent forms (θ1, θ2, θ3, θ4, θ5). Obviously this structure has SO(3, 2) as its
group of symmetries. 
3. Nonflat case; four basic invariants
Now we generalize the flat example of Subsections 2.1-2.2 to systems of PDEs
on the plane of the form
(3.1) zy = F(x, y, z, zx, zxx) & zxxx = H(x, y, z, zx, zxx).
We introduce the standard notation
p = zx, q = zy, r = zxx,
i.e. we have
zy = F(x, y, z, p, r), & zxxx = H(x, y, z, p, r).
We note that for this system of equations to be equivalent to a 2-nondegenerate
para-CR manifold we have to assume Fr = 0 and Fpp 6= 0. In addition, this
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system is of finite type, or, what is the same, its general solution can be written as
z = z(x, y; x¯, y¯, z¯), if and only if D3F = ∆H, with
(3.2) D = ∂x + p∂z + r∂p +H∂r & ∆ = ∂y + F∂z +DF∂p +D2F∂r.
From now on, we consider only systems (3.1) satisfying
(3.3) Fr = 0, & Fpp 6= 0, & D3F = ∆H.
We now define a 2-nondegenerate para-CR structure on a 5-manifold M associ-
ated with the equations (3.1), (3.3) by introducing an equivalence class of 1-forms
as in (2.7)-(2.8), but this time with forms (ω1,ω2,ω3,ω4,ω5) given by:
(3.4)
ω1 = dz− pdx− Fdy
ω2 = dp− rdx−DFdy
ω3 = dr−Hdx−D2Fdy
ω4 = dx
ω5 = dy.
These forms live on a manifold M parameterized by (x, y, z, p, r), which is the 5-
dimensional manifold of second jets for functions z = z(x, y). The differentials of
the initial forms are as follows:
(3.5)
dω1 =− Fzω
1 ∧ω5 −ω2 ∧ω4 − Fpω
2 ∧ω5,
dω2 =−DFzω
1 ∧ω5 − (DFp + Fz)ω
2 ∧ω5 −ω3 ∧ω4 − Fpω
3 ∧ω5,
dω3 =−Hzω
1 ∧ω4 − (DDFz + FpHz)ω
1 ∧ω5 −Hpω
2 ∧ω4+
1
3
(DFpHr − 3DFz − ∆Hr +DHrFp − 3FpHp)ω
2 ∧ω5 −Hrω
3 ∧ω4−
(2DFp + Fz + FpHr)ω
3 ∧ω5,
dω4 = 0,
dω5 = 0.
Here we introduce abbreviations such as ∆Hr, or DDFz, and abbreviations analo-
gous to them. They mean:
∆Hr = ∆(∂rH) and DDFz = D(D(∂zF)).
Definition 3.1. A 5-dimensional para-CR structure related to the point equiva-
lence class of PDEs (3.1) satisfying (3.3) via the representatives (3.4) will be called
PDE five variables para-CR structure.
Now, till the end of this Section, will adopt the convention that if f is a differ-
entiable function onM, then its coframe derivatives will be denoted by a subscript
running from 1 to 5:
df =: f1ω
1 + f2ω
2 + f3ω
3 + f4ω
4 + f5ω
5,
i.e.
(3.6) fµ =
∂df
∂ωµ
, µ = 1, . . . , 5.
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Now we consider the most general forms (θ1, θ2, θ3, θ4, θ5) defining the same para-
CR structure:
(3.7)

θ1
θ2
θ3
θ4
θ5
 =

f1 0 0 0 0
f2 ρeφ f4 0 0
f5 f6 f7 0 0
f¯2 0 0 ρe−φ f¯4
f¯5 0 0 f¯6 f¯7


ω1
ω2
ω3
ω4
ω5
 ,
and view them as lifted 1-forms on the bundle M×G0 →M, where
(3.8)
G0 =
{
GL(5,R) 3 S =

f1 0 0 0 0
f2 ρeφ f4 0 0
f5 f6 f7 0 0
f¯2 0 0 ρe−φ f¯4
f¯5 0 0 f¯6 f¯7
 , with
f1, f2, f¯2, f4, f¯4, f5, f¯5, f6, f¯6, f7, f¯7, φ ∈ R, ρ > 0
}
.
We force the lifted 1-forms (θ1, θ2, θ3, θ4, θ5) to satisfy a nonzero curvature version
of equations (2.14). In particular we want the forms (θ1, . . . , θ5) to satisfy the first
five of these equations:
(3.9)
E1 = dθ1 −
(
θ2 ∧ θ4 − θ1 ∧Ω1
)
−
∑
1≤i<j≤5
t1ijθ
i ∧ θj
E2 = dθ2 −
(
θ3 ∧ θ4 + θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3
)
−
∑
1≤i<j≤5
t2ijθ
i ∧ θj
E3 = dθ3 −
(
2θ3 ∧Ω2 − θ
2 ∧Ω3
)
−
∑
1≤i<j≤5
t3ijθ
i ∧ θj
E4 = dθ4 −
(
− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
)
−
∑
1≤i<j≤5
t4ijθ
i ∧ θj
E5 = dθ5 −
(
− 2θ5 ∧Ω2 + θ
4 ∧Ω4
)
−
∑
1≤i<j≤5
t5ijθ
i ∧ θj,
with ‘torsions’ tijk as ‘minimal’ as possible. Although an ultimate goal would be
to find a unique way of normalizing these torsions in such a way that the resulting
system for the forms (θi,Ωµ) describes a curvature of an so(2, 3) Cartan connection,
we are not that ambitious here. Our aim is to find all pairwise locally nonequivalent
homogeneous models for these para-CR structures, so we are happy with any set of
normalizations allowing to achieve this task.
Actually, in the following we will require that the forms (θi,Ωµ) should be
linearly independent at each point, and that they should satisfy equations (3.10)
with t1ij = t2ij = t
4
ij = 0 for all i, j = 1, 2 . . . , 5, and t312 = t315 = t324 = t325 = 0,
and t3ij = 0 for all 3 ≤ i < j ≤ 5, as well as t513 = t514 = t5ij = 0, for all
2 ≤ i < j ≤ 5 with an exception of t545 6= 0. This means that we will require that
ON DEGENERATE PARA-CR STRUCTURES 15
our invariant forms will satisfy the following restricted form of equations (3.9):
(3.10)
E1 = dθ1 −
(
θ2 ∧ θ4 − θ1 ∧Ω1
)
E2 = dθ2 −
(
θ3 ∧ θ4 + θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3
)
E3 = dθ3 −
(
2θ3 ∧Ω2 − θ
2 ∧Ω3
)
− t313θ
1 ∧ θ3 − t314θ
1 ∧ θ4 − t323θ
2 ∧ θ3
E4 = dθ4 −
(
− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
)
E5 = dθ5 −
(
− 2θ5 ∧Ω2 + θ
4 ∧Ω4
)
− t512θ
1 ∧ θ2 − t313θ
1 ∧ θ5 − t545θ
4 ∧ θ5.
Note that we additionally require an equality of the coefficients at θ1 ∧ θ3 in dθ3
and at θ1 ∧ θ5 in dθ5.
We have the following theorem.
Theorem 3.2. The torsion normalizations equations (3.10) define the forms (θ1, θ2, θ3,
θ4, θ5) as
θ1
θ2
θ3
θ4
θ5
 = S·

−1 0 0 0 0
0 1 0 0 0
(2H2r+9Hp−3DHr)
18
Hr
3
−1 0 0
0 0 0 1 Fp
3FppFpppp−5F
2
ppp
18F2pp
0 0
Fppp
3Fpp
FpppFp−3F
2
pp
3Fpp
 ·

ω1
ω2
ω3
ω4
ω5
 ,
with the matrix S given by
(3.11) S =

ρ2 0 0 0 0
f2 ρeφ 0 0 0
(f2)2
2ρ2
f2eφ
ρ
e2φ 0 0
f¯2 0 0 ρe−φ 0
− (f¯
2)2
2ρ2
0 0 −f¯
2e−φ
ρ
e−2φ
 .
The nonvanishing torsions t314, t323, t512, t545 read:
t314 =
e3φ
27ρ3
A,
t512 =
e−3φ
27ρ3
B,
t323 =
e−φ
3ρ
C,
t545 =
eφ
3ρ
C˜,
where
A = −1
2
(9D2Hr − 27DHp − 18DHrHr + 18HpHr + 4H
3
r + 54Hz),
B =
40F3ppp − 45FppFpppFpppp + 9F
2
ppFppppp
2F3pp
,
C =
2Fppp + FppHrr
Fpp
,
C˜ =
(DFp + Fz)C− FpC4 + C5
2Fpp
.
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The vanishing or not of each of the quantities A, B, C, C˜ is an invariant property
of the corresponding para-CR structure.
The forms Ω1, Ω2, Ω3, Ω4 are given explicitly in terms of the defining functions
of the para-CR structure, their derivatives, fiber variables (ρ,φ, f2, f¯2), and one new
real variable, which we call u1.
Proof. We use the normalization equations (3.10).
We first impose equation
0 = E1 ∧ θ1 = (dθ1 − θ2 ∧ θ4)∧ θ1.
This immediately gives
(3.12) f4 = 0, f¯4 = Fpρe−φ, f1 = −ρ2
in (3.7). Then we go to impose
0 = E2 ∧ θ1 ∧ θ2 = (dθ2 − θ3 ∧ θ4)∧ θ1 ∧ θ2,
0 = E4 ∧ θ1 ∧ θ4 = (dθ4 − θ5 ∧ θ2)∧ θ1 ∧ θ4,
which additionally gives
(3.13) f7 = −e2φ, & f¯7 = −Fppe−2φ + Fpf¯6
in (3.7).
After these normalizations we have (3.7) in the form
θ1
θ2
θ3
θ4
θ5
 =

−ρ2 0 0 0 0
f2 ρeφ 0 0 0
f5 f6 −e2φ 0 0
f¯2 0 0 ρe−φ ρe−φFp
f¯5 0 0 f¯6 −e−2φFpp + f¯
6Fp


ω1
ω2
ω3
ω4
ω5
 .
Now we impose the first equation
0 = E1 = dθ1 − (θ2 ∧ θ4 − θ1 ∧Ω1).
This defines the 1-form Ω1 as:
(3.14) Ω1 = 2d log(ρ) − u1θ1 +
f¯2
ρ2
θ2 + (−
f2
ρ2
+
f¯6Fze
3φFz
ρFpp
)θ4 −
e2φFz
Fpp
θ5.
Note that to define this form we needed to introduce a new variable u1.
Thus we have normalized our forms (θi,Ωµ) in such a way that
dθ1 = θ2 ∧ θ4 − θ1 ∧Ω1.
Let us pass to the equations E2 = 0 and E4 = 0. We first impose
E2 ∧ θ1 = E4 ∧ θ1 = 0.
It is easy to check that this is equivalent to
Ω2 = −dφ+ u2θ
1 +
2ρeφf¯6 − 3f¯2
2ρ2
θ2 +
e2φ(2DFp + Fz)
2Fpp
θ5+
−
3f2Fpp + ρe
3φf¯6(2DFp + Fz) + 2ρe
−φFpp
2Fppρ2
θ4.
Now it is easy to solve for Ω3 and Ω4 from
0 = E2 = E4.
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This gives
Ω3 = −
df2
ρ2
+ · · ·− u3θ1
Ω4 = −
df¯2
ρ2
+ · · ·− u4θ1,
where we have indicated that both of these forms are given modulo an addition of
a term proportional to θ1 by introducing new variables u3 and u4.
Next we impose
0 = E3 ∧ θ1 ∧ θ2 = E5 ∧ θ1 ∧ θ4.
This gives
(3.15) f6 = −
f2eφ
ρ
+ 1
3
e2φHr & f¯
6 =
f¯2e−φ
ρ
+
Fpppe
−2φ
3Fpp
in(3.7).
Now,
0 = E3 ∧ θ1 = E5 ∧ θ1,
gives t323 and t545 precisely as in the thesis of the theorem. It also gives that:
(3.16)
f5 = −
(f2)2
2ρ2
−
1
18
e2φ(3DHr−9Hp−2H
2
r) & f¯
5 =
(f¯2)2
2ρ2
−
1
18
e−2φ
5F2ppp − 3FppFpppp
F2pp
.
Finally,
0 = E3 = E5
gives t314 and t512 precisely as in the thesis of the theorem. It also gives an explicit
formula for t313, u2, u3 and u4. In particular,
(3.17) t313 =
f2Ce−φ
6ρ3
+
f¯2C˜eφ
6ρ3
−
T
ρ2
,
with a function T on M having a property that it vanishes when C ≡ 0. It is
also worth mentioning that in the obtained formulas u2 depends on the para-CR
structure and the variables (ρ,φ, f2, f¯2), and u3 and u4 depend on the para-CR
structure and the variables (ρ,φ, f2, f¯2, u1).
Note that with the normalizations (3.12), (3.13), (3.15) and (3.16), the matrix S
bringing the forms (ω1,ω2,ω3,ω4,ω5) to (θ1, θ2, θ3, θ4, θ5) becomes precisely as
in the thesis of the theorem, provided that we change fiber coordinates according
to (f2, f¯2)→ (−f2,−f¯2).
The relation between relative invariant C˜ and C together with its coframe deriva-
tives, is a consequence of integrablity conditions (d2 ≡ 0) for the system (3.5) and,
in particular, the condition that d2Hr ≡ 0.
This finishes the proof. 
An immediate consequence of this theorem is the following
Corollary 3.3. It is always possible to force the lifted coframe (θ1, θ2, θ3, θ4, θ5) of
a PDE five variables para-CR structure to satisfy the following exterior differential
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system:
(3.18)
dθ1 =− θ1 ∧Ω1 + θ
2 ∧ θ4
dθ2 = θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3 + θ
3 ∧ θ4
dθ3 = 2θ3 ∧Ω2 − θ
2 ∧Ω3 +Qθ
1 ∧ θ3 + e
3φ
27ρ3
Aθ1 ∧ θ4 + e
−φ
3ρ
Cθ2 ∧ θ3
dθ4 =− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
dθ5 =− 2θ5 ∧Ω2 + θ
4 ∧Ω4 +
e−3φ
27ρ3
Bθ1 ∧ θ2 +Qθ1 ∧ θ5 + e
φ
3ρ
C˜ θ4 ∧ θ5.
Here, the functions A,B,C and C˜ are functions on the base manifold M, where the
para-CR structure is defined, and are obtained in terms of the functions F and H
defining the para-CR structure and their derivatives, i.e. they do not depend on the
fiber coordinates (f2, f¯2, ρ, φ). The function Q depends on fiber coordinates as t313
in (3.17). 
4. Cartan’s reduction: homogeneous models
4.1. New notation and the relative invariants. Corollary 3.3 assures that by
means of transformations (3.7) we can always bring the initial 1-forms (ω1,ω2,ω3,
ω4,ω5) defining our PDE five variables para-CR structure via (3.4), into an equiv-
alent set of 1-forms on a para-CR manifold M satisfying the following EDS:
(4.1)
dω1 =−ω1 ∧$1 +ω
2 ∧ω4
dω2 =−ω1 ∧$3 +ω
2 ∧ ($2 −
1
2
$1) +ω
3 ∧ω4
dω3 =−ω2 ∧$3 + 2ω
3 ∧$2 + V ω
1 ∧ω3 + I1ω1 ∧ω4 + I3ω2 ∧ω3
dω4 =−ω1 ∧$4 −ω
4 ∧ ($2 +
1
2
$1) −ω
2 ∧ω5
dω5 =ω4 ∧$4 − 2ω
5 ∧$2 + I
2ω1 ∧ω2 + V ω1 ∧ω5 + I4ω4 ∧ω5,
with some set of auxiliary forms ($1,$2,$3,$4) and certain functions V, I1, I2,
I3 and I4 on M. For this it is enough to take a section σ :=
(
f2 = 0, f¯2 = 0, ρ =
1
3
, φ = 0, u1 = 0
)
of this bundle overM which is described in Corollary 3.3, and to
take the σ pullbacks of the forms (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4) as the forms
(ω1,ω2,ω3,ω4,ω5,$1,$2,$3,$4) in the EDS (4.1). In terms of this pullback
the functions I1, I2, I3, I4 become the respective relative invariants A,B,C, C˜ of the
considered para-CR structure.
Due to Corollary 3.3 the system (4.1) can be also interpreted as the structural
EDS for any PDE five variables para-CR structure on a nine-dimensional bundle
G9 →M over the para-CR manifold M, where all the nine 1-forms (ω1,ω2,ω3,ω4,
ω5,$1,$2,$3,$4) are linearly independent, and the functions V, I1, I2, I3, I4 are
functions on the bundle. For this think about (ω1,ω2,ω3, ω4,ω5,$1,$2,$3,$4)
as (θ1, θ2, θ3, θ4, θ5,Ω1,Ω2,Ω3,Ω4), and of V, I1, I2, I3, I4 as Q, e
3φ
27ρ3
A, e
−3φ
27ρ3
B,
e−φ
3ρ
C, e
φ
3ρ
C˜ in (3.18), respectively.
In the following we will use the para-CR structural system (4.1) having in mind
both of the above interpretations. Essentially every argument we will give can be
interpreted either in the first or in the second way. It is a matter of convenience
to choose one of them. For example, in this section, we will adopt the following
notation:
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Consider a differentiable function f as a function on bundle G9, i.e. use the
second interpretation. Its differential decomposes onto the basis of the 1-forms
(ω1,ω2,ω3,ω4, ω5,$1,$2,$3,$4) on G9 and we denote the coeffcients of this
decomposition as:
(4.2)
df = f|1ω
1+f|2ω
2+f|3ω3+f|4ω
4+f|5ω
5+(. . . )$1+(. . . )$2+(. . . )$3+(. . . )$4.
We especially do not assign particular notation to the dotted coefficients, because
once the notation for the coeffcients at ωµ is set, the dotted coeffcients follow from
d2 = 0 applied to the system (4.1) and to f.
Thus, in the bundle G9 interpretation, the symbol f|µ denotes the directional
derivative of f in the direction of the vector field Xµ, which constitutes the µ
component of the basis of vector fields (X1, X2, X3, X4, X5, Y1, Y2, Y3, Y4) dual to
the coframe (ω1,ω2,ω3,ω4ω5,Ω1,Ω2,Ω3,Ω4) on G9.
On the other hand, if we interpret the system (4.1) directly onM, the introduced
notation (4.2) for df, does not mean anymore that e.g. f|3 is the coframe ω3
derivative f3 of f, but that it is a corrected coframe ω3 derivative by the terms
coming from the dotted coeffcients standing at ω3 parts of $is. This happens
because now the forms $i are linearly dependent on ωµs.
Anyhow, it turns out that when compared with the notation for df introduced
in (3.6), the new notation, as in (4.2), considerably simplifies the formulas we are
going to derive in this section.
So now, having both interpretations of the system (4.1) in mind, and knowing
that it encodes all the structural information about an arbitrary PDE five variables
para-CR structure, we consider it as an abstract exterior differential system, and
we will close it, namely apply the condition d2 ≡ 0, as far as it is needed for our
purposes, obtaining in particular information on the derivatives of the structural
functions I1, I2, I3, I4 and V.
This leads to the following statement.
Proposition 4.1. The differential consequences of the system (4.1) are:
(4.3)
dω1 =−ω1 ∧$1 +ω
2 ∧ω4
dω2 =−ω1 ∧$3 +ω
2 ∧ ($2 −
1
2
$1) +ω
3 ∧ω4
dω3 =−ω2 ∧$3 + 2ω
3 ∧$2 +
1
8
(2I3|4 + I
3
|52)ω
1 ∧ω3+
I1ω1 ∧ω4 + I3ω2 ∧ω3
dω4 =−ω1 ∧$4 −ω
4 ∧ ($2 +
1
2
$1) −ω
2 ∧ω5
dω5 =ω4 ∧$4 − 2ω
5 ∧$2 + I
2ω1 ∧ω2 + 1
8
(2I3|4 + I
3
|52)ω
1 ∧ω5−
1
2
I3|5ω
4 ∧ω5.
dI1 = I1|1ω
1 + I1|2ω
2 + I1|3ω
3 + I1|4ω
4 − 3
2
I1$1 − 3I
1$2
dI2 = I2|1ω
1 + I2|2ω
2 + I2|4ω
4 + I2|5ω
5 − 3
2
I2$1 + 3I
2$2
dI3 = I3|1ω
1 + I3|2ω
2 + I3|3ω
3 + I3|4ω
4 + I3|5ω
5 − 1
2
I3$1 + I
3$2,
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(4.4)
d$1 =ω
1 ∧$5 +ω
2 ∧$4 −ω
4 ∧$3
d$2 =−
1
4
I3ω1 ∧$3 −
1
8
I3|5ω
1 ∧$4 −
1
2
ω2 ∧$4 −
1
2
ω4 ∧$3+
1
16
(I3|522 + 2I
3
|42 − 8I
2
|5)ω
1 ∧ω2 + 1
16
(I3|523 + 2I
3
|43)ω
1 ∧ω3+
1
16
(8I1|3 − I
3
|524 − 2I
3
|44)ω
1 ∧ω4 − 1
16
(I3|525 + 2I
3
|45)ω
1 ∧ω5+
1
8
(I3|52 − 2I
3
|4)ω
2 ∧ω4 − 1
2
I3|5ω
2 ∧ω5 + I3ω3 ∧ω4 −ω3 ∧ω5
d$3 =$3 ∧ (
1
2
$1 +$2) +
1
8
(2I3|4 + I
3
|52)ω
1 ∧$3 +
1
4
I3ω2 ∧$3+
1
8
I3|5ω
2 ∧$4 +
1
2
ω2 ∧$5 +ω
3 ∧$4 + J
1ω1 ∧ω2+
1
4
(4I2|5 + 4I
3
|1 − 2I
3
|42 − I
3
|522)ω
1 ∧ω3 + (I1I3 − I1|2)ω
1 ∧ω4+
I1ω1 ∧ω5 − 1
16
(2I3|43 + I
3
|523)ω
2 ∧ω3 + 1
16
(I3|524 − 8I
1
|3 + 2I
3
|44)ω
2 ∧ω4+
1
16
(2I3|45 + I
3
|525)ω
2 ∧ω5 − 1
8
(2I3|4 + I
3
|52)ω
3 ∧ω4
d$4 =$4 ∧ (
1
2
$1 −$2) +
1
8
(2I3|4 + I
3
|52)ω
1 ∧$4 −
1
4
I3ω4 ∧$3−
1
8
I3|5ω
4 ∧$4 +
1
2
ω4 ∧$5 +ω
5 ∧$3+
1
128
(
16(I3|14 − I
1I3|3) + 8(I
3
|521 − I
1
|3I
3) + 2I3I3|44 + I
3I3|524
)
ω1 ∧ω4+
1
2
(2I2|4 + I
2I3|5)ω
1 ∧ω2 − I2ω1 ∧ω3 + 1
16
(8I2|5 − 2I
3
|42 − I
3
|522)ω
2 ∧ω4
+ 1
4
(I3|524 − 4I
1
|3 + 2I
3
|44 + 2I
3
|51)ω
1 ∧ω5 + 1
8
(2I3|4 + I
3
|52)ω
2 ∧ω5−
1
16
(2I3|43 + I
3
|523)ω
3 ∧ω4 − 1
16
(2I3|45 + I
3
|525)ω
4 ∧ω5
d$5 =$5 ∧$1 + 2$4 ∧$3 + J
2ω1 ∧$3 + J
3ω1 ∧$4 +
1
4
(2I3|4 + I
3
|52)ω
1 ∧$5+
1
8
(2I3|4 + I
3
|52)ω
2 ∧$4 −
1
8
(2I3|4 + I
3
|52)ω
4 ∧$4 + J
4ω1 ∧ω2 + J5ω1 ∧ω3+
J6ω1 ∧ω4 + J7ω1 ∧ω5 − I2ω2 ∧ω3 + J8ω2 ∧ω4+
1
4
(I3|524 − 4I
1
|3 + 2I
3
|44 + 2I
3
|51)ω
2 ∧ω5+
1
4
(4I2|5 + 4I
3
|1 − 2I
3
|42 − I
3
|522)ω
3 ∧ω4 − I1ω4 ∧ω5.
dI3|2 =
1
16
(
16(I3|12 − I
2I3|5) + I
3(8I2|5 − 2I
3
|42 − I
3
|522)
)
ω1 + I3|22ω
2 + I3|23ω
3+
1
8
(
8(I3|42 + I
3
|1) + I
3(I3|52 − 2I
3
|4)
)
ω4 + 1
2
(
2(I3|52 − I
3
|4) − I
3I3|5
)
ω5−
I3|2$1 + 2I
3
|2$1 − I
3
|3$3 − I
3$4
dI3|3 =
1
16
(
16I3|13 − 2I
3
|3(2I
3
|4 + I
3
|52) − I
3(I3|523 + 2I
3
|43)
)
ω1 + (I3|23 − I
3I3|3)ω
2+
I3|33ω
3 + 1
2
(
I3|523 + 2I
3
|43 − 2(I
3
|2 + (I
3)2)
)
ω4 + 3I3ω5 − 1
2
I3|3$1 + 3I
3
|3$2
dI3|5 = I
3
|51ω
1 + I3|52ω
2 + 4I3ω3 + I3|54ω
4 + I3|55ω
5 − 1
2
I3|5$1 − I
3
|5$2
dI3|52 = I
3
|521ω
1 + I3|522ω
2 + 4
(
(I3)2 + I3|2
)
ω3 + I3|524ω
4+(
2I3|45 + (I
3
|5)
2 + I3|525 − 2I
3
|54
)
ω5 − I3|52$1 − 4I
3$3.
The coefficients J1, J2, . . . , J8 are not important here.
We now use this proposition interpreting forms (ω1,ω2,ω3,ω4,ω5) as defining
a specially adapted coframe of an arbitrary PDE five variables para-CR structure,
and use it to build the lifted coframe (3.7) which satisfies equations of the form
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(3.9). This in turn, by the same procedure which we used to get Theorem 3.2, leads
to the reinterpretation of this Theorem and Corollary 3.3 into the following form:
Corollary 4.2. The torsion normalizations equations (3.10) applied to the forms
(3.7) with (ω1,ω2,ω3,ω4,ω5) satisfying (4.3) yield the following para-CR invari-
ant differential system
(4.5)
dθ1 =− θ1 ∧Ω1 + θ
2 ∧ θ4
dθ2 =θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3 + θ
3 ∧ θ4
dθ3 =2θ3 ∧Ω2 − θ
2 ∧Ω3 +
e3φ
ρ3
I1 θ1 ∧ θ4 + e
−φ
ρ
I3 θ2 ∧ θ3+
1
8ρ3
(
2eφf¯2I3|5 + ρ(I
3
|52 + 2I
3
|4) − 4e
−φf2I3
)
θ1 ∧ θ3
dθ4 =− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
dθ5 =− 2θ5 ∧Ω2 + θ
4 ∧Ω4 +
e−3φ
ρ3
I2 θ1 ∧ θ2 − e
φ
2ρ
I3|5 θ
4 ∧ θ5+
1
8ρ3
(
2eφf¯2I3|5 + ρ(I
3
|52 + 2I
3
|4) − 4e
−φf2I3
)
θ1 ∧ θ5.
Proof. Since this Corollary is just a reformulation, in the new notation, of Theorem
3.2 we only give the matrix S = (Sµν) which, via θµ = Sµνων, brings the system
(4.3) to the system (4.5). It is not a surprise that this matrix is precisely given by
the formula (3.11). 
This shows that in the notation of this section the simplest relative invariants of
the considered para-CR structures are I1, I2, I3 and I3|5. In particular the structures
with the structural function I3 6= 0 and I3 = 0 are locally para-CR nonequivalent.
4.2. The case I3 6= 0 and corresponding homogeneous models. If the relative
invariant I3 6= 0 we can normalize the term at θ2 ∧ θ3 in dθ3 to 1,
e−φI3
ρ
= 1,
reducing the system (4.5) by one dimension, due to the choice of the section
ρ = e−φI3.
After this normalization the form Ω2 becomes dependent on the forms Ω1, θµ,
and thus it disappears from the equations (4.5). Actually, the entire combination
Ω2 −
1
2
Ω1 disappears from these equations. This in particular gives
(dθ2)∧ θ3 ∧ θ4 ∧ θ5 =
(
− θ1 ∧Ω3 +
K
8(I3)5
θ1 ∧ θ2
)
∧ θ3 ∧ θ4 ∧ θ5,
with the coefficient K = 4(I3)5u1 + L. Here u1 is an auxiliary variable introduced
when normalizing the system (4.5). It is analogous to u1 introduced in (3.14). The
quantity L depends on the structural function I3, its derivatives, and the free fiber
coordinates φ, f2 and f¯2, only. The explicit linear u1-dependence of K, where the
u1 term is multiplied by a fifth power of I3, which is assumed not to vanish, enables
us to normalize the coefficient at θ1 ∧ θ2 in dθ2 to 0,
K = 0.
This eliminates the auxiliary variable u1 from the system.
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After this normalization we get in paricular that:
dθ4 =− θ2 ∧ θ5 − θ4 ∧Ω1 − θ
1 ∧Ω4 +
e2φf¯2I3 + f2I3|3 − I
3I3|2
(I3)3
θ2 ∧ θ4−
e−2φI3|3
I3
θ3 ∧ θ4 +
e2φI3|5
I3
θ4 ∧ θ5.
This enables for further reduction, by forcing the coefficient of θ2 ∧ θ4 to vanish.
This results in the restriction of the system (4.5) to a section
f¯2 =
I3I3|2 − f
2I3|3
e2φI3
,
on which the form Ω4 becomes dependent on Ω3 and θµs. Thus, it is not present
in the reduced system in which, in particular the differential of θ2 reads:
dθ2 = θ3 ∧ θ4 − θ1 ∧Ω3 + e
2φ
(
. . .
)
θ2 ∧ θ4 −
e−2φI3|3
I3
θ2 ∧ θ3 −
e2φI3|5
I3
θ2 ∧ θ5.
This shows that when I3 6= 0, which we assume in this section, the structural func-
tions I3|3 and I3|5 are relative invariants of such para-CR structures. In particular,
if we have two para-CR structures, one with I3|5 6= 0 and the other with I3|5 = 0,
then they are locally para-CR nonequivalent.
Let us first concentrate on the case when
I3|5 6= 0.
In this case we can normalize the term at θ2 ∧ θ5 in dθ2 to be equal to −, where
 = sgn(
I3|5
I3
).
This results in further reduction of the system (4.5) to the section on which
φ = 1
2
log( I
3
I3|5
).
This makes Ω1 dependent on θµs only, and eliminates Ω1 from the variables in the
reduced EDS. Then in particular, the differential of θ1 satisfies
(dθ1)∧ θ3 ∧ θ4 ∧ θ5 =
4f2 − I3|52
I3I3|5
θ1 ∧ θ2 ∧ θ3 ∧ θ4 ∧ θ5.
This enables for the ultimate normalization which kills the θ1 ∧ θ2 term in dθ1. It
is obtained by taking the section
f2 = 1
4
I3|52.
After this normalization the system (4.5) reduces to the original five manifold M
on which the para-CR structure is defined. It brings the initial forms ωµ satisfying
the system (4.3) to the fully para-CR invariant forms θµ on M, via the formula
θµ = Sµνω
ν, where the matrix S = (Sµν) is given by:
S =

I3I3|5 0 0 0 0
1
4
I3|52 I
3 0 0 0
ε
(
I3|52
)2
32I3I3|5
εI3|352
4I3|5
εI3
I3|5
0 0
I3|5
4
(
I3
)2 (4I3I3|2 − I3|3I3|52) 0 0 I3|5 0
−
I3|5
32
(
I3
)5 (4I3I3|2 − I3|3I3|52)2 0 0 − I3|5
4
(
I3
)3 (4I3I3|2 − I3|3I3|52)  I3|5I3
.
The resulting para-CR invariant EDS onM is presented in the following statement.
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Theorem 4.3. Every PDE five variables para-CR structure on a 5-dimensional
manifold M with the relative invariants I3 6= 0 and I3|5 6= 0 uniquely defines five
1-forms (θ1, θ2, θ3, θ4, θ5) on M which satisfy the following exterior differential
system
(4.6)
dθ1 = 
(
− c3θ
1 ∧ θ3 + c5θ
1 ∧ θ4 − c4θ
1 ∧ θ5
)
+ θ2 ∧ θ4
dθ2 = 
(
c8θ
1 ∧ θ2 + (4− c3)θ
2 ∧ θ3 − c9θ
2 ∧ θ4 − θ2 ∧ θ5
)
− θ1 ∧ θ3+
c7θ
1 ∧ θ4 − c6θ
1 ∧ θ5 + θ3 ∧ θ4
dθ3 = 
(
− c11θ
1 ∧ θ3 + c1θ
1 ∧ θ4 − (c5 + 2c9)θ
3 ∧ θ4 + (c4 − 2)θ
3 ∧ θ5
)
+
c10θ
1 ∧ θ2 + c7θ
2 ∧ θ4 − c6θ
2 ∧ θ5
dθ4 = 
(
c12θ
1 ∧ θ3 + c14θ
1 ∧ θ4 + 1
2
(1− 8c6 + 2c3c6 + 2c9)θ
1 ∧ θ5+
4θ3 ∧ θ4 + (1− c4)θ
4 ∧ θ5
)
− c13θ
1 ∧ θ2 − θ2 ∧ θ5
dθ5 = 
(
c15θ
1 ∧ θ4 + 1
2
(c9 + 2c11)θ
1 ∧ θ5 + c12θ
3 ∧ θ4 + (8− c3)θ
3 ∧ θ5−
(1+ c5 − 4c6 + c3c6 + 3c9)θ
4 ∧ θ5
)
+ c2θ
1 ∧ θ2 − c13θ
2 ∧ θ4.
Here, the coefficients c1, c2, . . . , c15 are totally expressed in terms of the structural
functions I1, I2, I3 and their derivatives. They are uniquely defined by the para-CR
structure on M (but their explicit forms are not relevant here) .
Two different PDE five variables para-CR structures with their corresponding
relative invariants I3 6= 0 and I3|5 6= 0 are locally para-CR equivalent if and only if
their corresponding 1-forms θµ and θ¯µ can be transformed to each other by a local
diffeomorphism Φ, i.e. if and only if Φ∗(θ¯µ) = θµ for all µ = 1, 2, 3, 4, 5.
This theorem, with the reasoning preceding it, assures that the only possible
homogeneous PDE five variables para-CR structures with I3 6= 0 and I3|5 6= 0
are those that correspond to the forms (θ1, θ2, . . . , θ5) satisfying the system (4.6)
with all coefficients c1, c2, . . . , c15 being constants. If such structures exist, these
constants must satisfy the system (4.6) and its differential consequences d(d(θµ)) =
0 for all µ = 1, 2, 3, 4, 5. This is a very strong condition which have only one solution,
given by:
c1 = c2 = c10 = c12 = c13 = c15 = 0, c3 = 6, c4 =
3
2
, c5 =
1
2
, c6 =
1
8
, c7 =
1
32
,
c8 = −
1
16
, c9 = −
1
2
, c11 =
3
16
, c14 = −
1
8
.
It is easy to see that the case when I3 6= 0 and
I3|5 = 0
in an open set is impossible. Indeed, using the EDS from Proposition 4.1 and the
condition that I3|5 = 0 we see that
0 = d(d(θ5))∧ω1 ∧ω2 = 2I3ω1 ∧ω2 ∧ω3 ∧ω4 ∧ω5,
i.e. that in particular I3 = 0 in the open set, which is a contradiction.
Summarizing we have the following
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Corollary 4.4. The only possible two homogeneous models of a PDE five variables
para-CR structure with I3 6= 0 must be described by invariant forms (θ1, θ2, θ3, θ4, θ5)
satisfying
(4.7)
dθ1 = 
(
− 6θ1 ∧ θ3 + 1
2
θ1 ∧ θ4 − 3
2
θ1 ∧ θ5
)
+ θ2 ∧ θ4
dθ2 = 
(
− 1
16
θ1 ∧ θ2 − 2θ2 ∧ θ3 + 1
2
θ2 ∧ θ4 − θ2 ∧ θ5
)
− θ1 ∧ θ3+
1
32
θ1 ∧ θ4 − 1
8
θ1 ∧ θ5 + θ3 ∧ θ4
dθ3 = 
(
− 3
16
θ1 ∧ θ3 + 1
2
θ3 ∧ θ4 − 1
2
θ3 ∧ θ5
)
+ 1
32
θ2 ∧ θ4 − 1
8
θ2 ∧ θ5
dθ4 = 
(
− 1
8
θ1 ∧ θ4 + 1
4
θ1 ∧ θ5 + 4θ3 ∧ θ4 − 1
2
θ4 ∧ θ5
)
− θ2 ∧ θ5
dθ5 = 
(
− 1
16
θ1 ∧ θ5 + 2θ3 ∧ θ5 − 1
4
θ4 ∧ θ5
)
.
Here  = ±1, and the structures with different values of  are para-CR nonequiva-
lent. 
We will realize these two homogeneous structures with a 5-dimensional symmetry
algebra in Section 4.4.
4.3. The case I3 = 0 and corresponding homogeneous models. If
I3 = 0
in an open set then Proposition 4.1 reduces to:
Proposition 4.5. The defining coframe (ω1,ω2,ω3,ω4,ω5) of a PDE five vari-
ables para-CR structure with I3 = 0 can be chosen in such a way that it satisfies
the following EDS:
(4.8)
dω1 =−ω1 ∧$1 +ω
2 ∧ω4
dω2 =−ω1 ∧$3 +ω
2 ∧ ($2 −
1
2
$1) +ω
3 ∧ω4
dω3 =−ω2 ∧$3 + 2ω
3 ∧$2 + I
1ω1 ∧ω4
dω4 =−ω1 ∧$4 −ω
4 ∧ ($2 +
1
2
$1) −ω
2 ∧ω5
dω5 =ω4 ∧$4 − 2ω
5 ∧$2 + I
2ω1 ∧ω2.
dI1 = I1|1ω
1 + I1|2ω
2 + I1|3ω
3 + I1|4ω
4 − 3
2
I1$1 − 3I
1$2
dI2 = I2|1ω
1 + I2|2ω
2 + I2|4ω
4 + I2|5ω
5 − 3
2
I2$1 + 3I
2$2
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(4.9)
d$1 =ω
1 ∧$5 +ω
2 ∧$4 −ω
4 ∧$3
d$2 =−
1
2
ω2 ∧$4 −
1
2
ω4 ∧$3 −
1
2
I2|5ω
1 ∧ω2 + 1
2
I1|3ω
1 ∧ω4 −ω3 ∧ω5
d$3 =$3 ∧ (
1
2
$1 +$2) +
1
2
ω2 ∧$5 +ω
3 ∧$4 + J
1ω1 ∧ω2 + I2|5ω
1 ∧ω3−
I1|2ω
1 ∧ω4 + I1ω1 ∧ω5 − 1
2
I1|3ω
2 ∧ω4
d$4 =$4 ∧ (
1
2
$1 −$2) +
1
2
ω4 ∧$5 +ω
5 ∧$3 + I
2
|4ω
1 ∧ω2 − I2ω1 ∧ω3+
1
2
I2|5ω
2 ∧ω4 − I1|3ω
1 ∧ω5
d$5 =$5 ∧$1 + 2$4 ∧$3 + J
2ω1 ∧$3 + J
3ω1 ∧$4 + J
4ω1 ∧ω2 + J5ω1 ∧ω3+
J6ω1 ∧ω4 + J7ω1 ∧ω5 − I2ω2 ∧ω3 + J1ω2 ∧ω4 − I1|3ω
2 ∧ω5+
I2|5ω
3 ∧ω4 − I1ω4 ∧ω5.
dI2|2 =
1
2
(2I2|12 + I
2I2|5)ω
1 + I2|22ω
2 + I2|24ω
4 + I2|25ω
5 − 2I2|2$1 + 4I
2
|2$2 − 3I
2$4,
dI2|4 =
1
2
(2I2|14 − 3I
2I1|3)ω
1 + (I2|24 − I
2
|1)ω
2 − I2|2ω
3 + I2|44ω
4 + I2|45ω
5−
2I2|4$1 + 2I
2
|4$2 + I
2
|5$4,
dI2|5 = I
2
|15ω
1 + (I2|25 + I
2
|4)ω
2 + 3I2ω3 + I2|45ω
4 + I2|55ω
5 − 3
2
I2|5$1 + I
2
|5$2,
dI2|25 =
1
4
(
4I2|152 − 4I
2
|14 + 2(I
2
|5)
2 − I2I2|55
)
ω1 + I2|252ω
2 + 4I2|2ω
3 + I2|245ω
4+
I2|255ω
5 − 2I2|25$1 + 2I
2
|25$2 − 3I
2$3 − 3I
2
|5$4.
The coefficients J1, J2, . . . , J7 are not important here.
Similarly, Corollary 4.2 now takes the form:
Corollary 4.6. The torsion normalization equations (3.10) applied to the forms
(3.7) with (ω1,ω2,ω3,ω4,ω5) with I3 = 0 as in (4.3) yield the following para-CR
invariant differential system
(4.10)
dθ1 =− θ1 ∧Ω1 + θ
2 ∧ θ4
dθ2 =θ2 ∧ (Ω2 −
1
2
Ω1) − θ
1 ∧Ω3 + θ
3 ∧ θ4
dθ3 =2θ3 ∧Ω2 − θ
2 ∧Ω3 +
e3φ
ρ3
I1 θ1 ∧ θ4
dθ4 =− θ2 ∧ θ5 − θ4 ∧ (1
2
Ω1 +Ω2) − θ
1 ∧Ω4
dθ5 =− 2θ5 ∧Ω2 + θ
4 ∧Ω4 +
e−3φ
ρ3
I2 θ1 ∧ θ2.
So if I3 = 0 in an open set, the structural functions I1 and I2 are relative
invariants of the considered para-CR structures.
We first analyze the case when
I2 6= 0.
If the relative invariant I2 6= 0 we can normalize the term at θ1∧θ2 in dθ5 to 1,
e−3φI2
ρ3
= 1,
reducing the system (4.10) by one dimension, due to the choice of the section
ρ = e−φ(I2)
1
3 .
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After this normalization the form Ω2 becomes dependent on the forms Ω1, θµ,
and thus it disappears from the equations (4.10). Actually, the entire combination
Ω2 −
1
2
Ω1 disappears from these equations. This in particular gives
(dθ2)∧ θ3 ∧ θ4 ∧ θ5 =
(
− θ1 ∧Ω3 +
K
6(I2)
7
3
θ1 ∧ θ2
)
∧ θ3 ∧ θ4 ∧ θ5,
with the coefficient K = 3(I2)
7
3u1 + L. Here u1 is an auxiliary variable introduced
when normalizing the system (4.10). It is analogous to u1 introduced in (3.14).
The quantity L depends on the structural function I2, its derivatives, and the free
fiber coordinates φ, f2 and f¯2, only. The explicit linear u1-dependence of K, where
the u1 term is multiplied by (I2)
7
3 , which is assumed not to vanish, enables us to
normalize the coefficient at θ1 ∧ θ2 in dθ2 to 0,
K = 0.
This eliminates the auxiliary variable u1 from the system.
After this normalization we get in particular that:
dθ4 =− θ2 ∧ θ5 − θ4 ∧Ω1 − θ
1 ∧Ω4+
3e2φf¯2(I2)
2
3 − I2|2
3(I2)
4
3
θ2 ∧ θ4 +
e2φI2|5
3I2
θ4 ∧ θ5.
This enables for further reduction, by forcing the coefficient of θ2 ∧ θ4 to vanish.
This results in the restriction of the system (4.10) to the section
f¯2 =
I2|2
3e2φ(I2)
2
3
,
on which the form Ω4 becomes dependent on θµs. Thus, it is not present in the
reduced system in which, in particular the differential of θ2 reads:
dθ2 = θ3 ∧ θ4 − θ1 ∧Ω3 + e
2φ
(
. . .
)
θ2 ∧ θ4 −
e2φI2|5
3I2
θ2 ∧ θ5.
This shows that when I3 = 0 and I2 6= 0, which we assume in this section, the
structural function I2|5 is a relative invariant of such para-CR structures. In par-
ticular, if we have two para-CR structures, one with I2|5 6= 0 and the other with
I2|5 = 0, then they are locally para-CR nonequivalent.
Let us first concentrate on the case when
I2|5 6= 0.
In this case we can normalize the term at θ2 ∧ θ5 in dθ2 to be equal to −, where
 = sgn(
I2|5
I2
).
This results in further reduction of the system (4.10) to the section on which
φ = 1
2
log(3I
2
I2|5
).
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This makes Ω1 dependent on θµs only, and eliminates Ω1 from the variables in the
reduced EDS. Then in particular, the differential of θ1 satisfies
(dθ1)∧θ3∧θ4∧θ5 =
9f2(I2)
5
3 − 3I2(I2|25 + I
2
|4) + 2I
2
|2I
2
|5
3(I2)
4
3 I2|5
θ1∧θ2∧θ3∧θ4∧θ5.
This enables for the ultimate normalization which kills the θ1 ∧ θ2 term in dθ1. It
is obtained by taking the section
f2 =
3I2(I2|25 + I
2
|4) − 2I
2
|2I
2
|5
9(I2)
5
3
.
After this normalization the system (4.5) reduces to the original five manifold M
on which the para-CR structure is defined. It brings the initial forms ωµ satisfying
the system (4.3) to the fully para-CR invariant forms θµ on M, via the formula
θµ = Sµνω
ν, where the matrix S = (Sµν) is given by:
S =

I2|5
3(I2)
1
3
0 0 0 0
3I2(I2|25+I
2
|4)−2I
2
|2I
2
|5
9(I2)
5
3
(I2)
1
3 0 0 0
(3I2(I2|25+I
2
|4)−2I
2
|2I
2
|5)
2
54(I2)3I2|5
(3I2(I2|25+I
2
|4)−2I
2
|2I
2
|5)
3I2I2|5
3εI2
I2|5
0 0
I2|2I
2
|5
9(I2)
5
3
0 0
I2|5
3(I2)
2
3
0
−
(I2|2)
2I2|5
54(I2)3
0 0 −
I2|2I
2
|5
9(I2)2
I2|5
3I2

.
The resulting para-CR invariant EDS onM is presented in the following statement.
Theorem 4.7. Every PDE five variables para-CR structure on a 5-dimensional
manifold M with the relative invariants I3 = 0, I2 6= 0 and I2|5 6= 0 uniquely
defines five 1-forms (θ1, θ2, θ3, θ4, θ5) on M which satisfy the following exterior
differential system
(4.11)
dθ1 =− 
(
θ1 ∧ θ3 + c4θ
1 ∧ θ4 − c2θ
1 ∧ θ5
)
+ θ2 ∧ θ4
dθ2 =− 
(
c8θ
1 ∧ θ2 + c3θ
2 ∧ θ4 + θ2 ∧ θ5
)
+ c7θ
1 ∧ θ4 + c6θ
1 ∧ θ5 + θ3 ∧ θ4
dθ3 = 
(
c10θ
1 ∧ θ3 + c1θ
1 ∧ θ4 + (c4 − 2c3)θ
3 ∧ θ4 + (c2 − 2)θ
3 ∧ θ5
)
−
c11θ
1 ∧ θ2 + c7θ
2 ∧ θ4 + c6θ
2 ∧ θ5
dθ4 = 
(
− c9θ
1 ∧ θ4 + c3θ
1 ∧ θ5 + θ3 ∧ θ4 + (1− c2)θ
4 ∧ θ5
)
+ c5θ
1 ∧ θ2 − θ2 ∧ θ5
dθ5 = 
(
− c12θ
1 ∧ θ4 − c10θ
1 ∧ θ5 + θ3 ∧ θ5 + (c4 − 3c3)θ
4 ∧ θ5
)
+
θ1 ∧ θ2 + c5θ
2 ∧ θ4.
Here, the coefficients c1, c2, . . . , c12 are totally expressed in terms of the structural
functions I1, I2 and their derivatives. They are uniquely defined by the para-CR
structure on M (but their explicit forms are not relevant here) .
Two different PDE five variables para-CR structures with their corresponding
relative invariants I3 = 0, I2 6= 0 and I2|5 6= 0 are locally para-CR equivalent if and
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only if their corresponding 1-forms θµ and θ¯µ can be transformed to each other by
a local diffeomorphism Φ, i.e. if and only if Φ∗(θ¯µ) = θµ for all µ = 1, 2, 3, 4, 5.
The above theorem, and the reasoning preceding it, assure that the only possible
homogeneous PDE five variables para-CR structures with I3 = 0, I2 6= 0 and
I2|5 6= 0 are those that correspond to the forms (θ1, θ2, . . . , θ5) satisfying the system
(4.11) with all coefficients c1, c2, . . . , c12 being constants. If such structures exist,
these constants must satisfy the system (4.11) and its differential consequences
d(d(θµ)) = 0 for all µ = 1, 2, 3, 4, 5. This is a very strong condition which has a
one parameter family of solutions only. This family is given by:
c3 = c4 = c6 = c10 = 0, c1 = c2 = c11 = c12 = 1, c5 = c9 = −c7 = −c8 = s,
where s is a real parameter.
It is easy to see that the case when I3 = 0 and
I2 6= 0 while I2|5 = 0
in an open set is impossible. Indeed, using the EDS from Proposition 4.5 and the
condition that I2|5 = 0 we see that
0 = d(d(I2))∧ω1 ∧ω2 ∧ω4 = 3I2ω1 ∧ω2 ∧ω3ω4 ∧ω5,
i.e. that in particular I2 = 0 in the neighbourhood, which is a contradiction.
The last case to consider when I3 = 0 is to assume that
I2 = 0
in an open set.
If this is the case we also have I2|5 = 0 in the equations of Proposition 4.5. Then
using the second equation (4.9) we find that
0 = d(d($2))∧ω
4 = −I1|3ω
1 ∧ω2 ∧ω4 ∧ω5,
which implies that I1|3 = 0 in the open set. Having established this we get that
0 = d(d($2))∧ω
2 = −3
2
I1ω1 ∧ω2 ∧ω4 ∧ω5,
i.e. that also I1 = 0 in the open set.
Thus, the assumption that I3 = I2 = 0 in an open set implies that also I1 = 0 in
the same open set, i.e. that all the fundamental invariants of the para-CR structure
in question vanish. Therefore if
I3 = I2 = 0
the corresponding para-CR structure is locally para-CR equivalent to the flat model
described in Section 2.2.
Summarizing we have the following
Corollary 4.8. In the case when I3 = 0 in an open set the only homogeneous
models of a PDE five variables para-CR structure with I3 = 0 are given either by
(i) the flat model represented by the coframe (2.6),
or
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(ii) must be described by the invariant forms (θ1, θ2, θ3, θ4, θ5) satisfying
(4.12)
dθ1 =− 
(
θ1 ∧ θ3 + θ1 ∧ θ5
)
+ θ2 ∧ θ4
dθ2 = 
(
sθ1 ∧ θ2 − θ2 ∧ θ5
)
− sθ1 ∧ θ4 + θ3 ∧ θ4
dθ3 = 
(
θ1 ∧ θ4 − θ3 ∧ θ5
)
− θ1 ∧ θ2 − sθ2 ∧ θ4
dθ4 = 
(
− sθ1 ∧ θ4 + θ3 ∧ θ4
)
+ sθ1 ∧ θ2 − θ2 ∧ θ5
dθ5 = 
(
− θ1 ∧ θ4 + θ3 ∧ θ5
)
+ θ1 ∧ θ2 + sθ2 ∧ θ4.
Here  = ±1, s is an arbitrary real number, and the structures with different values
of (, s) are para-CR nonequivalent.
We will realize these homogeneous structures in the next Section.
4.4. All homogeneous models. Combining Corollaries 4.4 and 4.8 we have the
following proposition.
Proposition 4.9. The only homogeneous models of a PDE five variables para-CR
structure are given either by
(i) the flat model represented by the coframe (2.6),
or
(ii) must be described by the invariant forms (θ1, θ2, θ3, θ4, θ5) satisfying the
system (4.7)
or
(iii) must be described by the invariant forms (θ1, θ2, θ3, θ4, θ5) satisfying the
system (4.12).
The structure (i) has SO(3, 2) as the local group of para-CR symmetries, whereas
the structures described in (ii) and (iii) have maximal local group of para-CR sym-
metries of dimension 5. There are no homogeneous models of such para-CR struc-
tures with a local symmetry group of exact dimensions six to nine.
In this section we will show that all the structures described in this proposition
do exist, and will associate a system of PDEs on the plane, of the form (3.1)-(3.3),
to each of them.
We have the following statement.
Theorem 4.10. All homogeneous models of PDE five variables para-CR structures
are given, in terms of their defining PDEs, by
(i) zy = 14 (zx)
2 & zxxx = 0; it is the flat case,
(ii) zy = 14 (zx)
2 & zxxx = (zxx)
3; this is the case corresponding to
(ii) in Proposition 4.9 with
 = −sgn(zxx) ,
(iiia) zy = 14 (zx)
b & zxxx = (2− b)
(zxx)
2
zx
; this is the case corresponding to
(iii) in Proposition 4.9 with
 = −sgn(zxx) and s ≤ −3·2−
5
3 ;
of course zx > 0,
(iiib) zy = f(zx) & zxxx = h(zx)
(
zxx
)2, where the function f is determined
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by the implicit equation
(4.13)
(
z2x + f(zx)
2
)
exp
(
2b arctanbzx−f(zx)
zx+bf(zx)
)
= 1+ b2
and
(4.14) h(zx) =
(b2 − 3)zx − 4bf(zx)(
f(zx) − bzx
)2 ;
this is the case corresponding to (iii) with  = −sgn(zxx) and s > −3·2−
5
3 .
Proof. We first show that the case (ii) in the theorem realizes the EDS (4.7), and
therefore exhausts all possible homogeneous PDE five variables para-CR structures
with I3 6= 0.
We start with the PDE system
(4.15) zy = 14 (zx)
2 & zxxx = (zxx)
3
and associate with it the coframe (ωµ), µ = 1, 2, . . . , 5 via (3.4). Explicitly, we
have:
(4.16)
ω1 =dz− pdx− 1
4
p2dy
ω2 =dp− rdx− 1
2
prdy
ω3 =dr− r3dx− 1
2
r2(1+ pr)dy
ω4 =dx
ω5 =dy.
Now, it is easy to check that the matrix
S =

8r3 0 0 0 0
2r3 2r 0 0 0
r3
4
0 
2r
0 0
0 0 0 −4r2 −2pr2
0 0 0 0 r
 ,
which has values in the allowed para-CR group G0 as in (3.8), transforms the
coframe (4.16) defining the PDE five variables para-CR structure of the system
(4.15) to the invariant forms θµ = Sµνων satisfying the homogeneous system (4.7),
provided that ε = −sgn(r) = −sgn(zxx).
Now we show that the EDS (4.12) with s ≤ −3·2−53 is realized by the PDE five
variables para-CR structure associated with the system
(4.17) zy = 14 (zx)
b & zxxx = (2− b)
(zxx)
2
zx
,
with b = const.
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Using this PDE system we define the corresponding PDE five variables para-CR
structure via the coframe (3.4). This reads:
(4.18)
ω1 =dz− pdx− 1
4
pbdy
ω2 =dp− rdx− 1
4
bpb−1rdy
ω3 =dr−
(2− b)r2
p
dx− 1
4
br2pb−2dy
ω4 =dx
ω5 =dy.
Now introducing the matrix
S =

rt2
9p2
0 0 0 0
−(b+1)rt
9p2
t
3p
0 0 0
−r(1−7b+b2)
18p2
(b−5)
3p

r
0 0
−(b+1)rt
9p2
0 0 −rt
3p
−brpb−2t
12
r(1−7b+b2)
18p2
0 0
(1−2b)r
3p
(b−2)brpb−2
12

,
with t =
(
(b−2)(b+1)(2b−1)
)1
3 and  = −sgn(zxx), which again has values in the
allowed para-CR group G0 as in (3.8), it is easy to see that the transformed coframe
θµ = Sµνω
ν with ωµs as in (4.18), satisfies the homogeneous system (4.12) with
s =
−3(1− b+ b2)
2
(
(b− 2)(b+ 1)(2b− 1)
)2
3
.
Looking at the range of the function b 7→ s = s(b) we see that the PDE system
(4.17) realizes the EDS (4.12) for all the values of s ≤ −3·(2)−53 . For this it is
enough to take 1 ≤ b < 2.
The last part of the proof is to show that the PDE system
(4.19) zy = f(zx) & zxxx = h(zx)(zxx)2,
with f = f(zx) and h = h(x) as in (4.13)-(4.14) corresponds to a PDE para-
CR structure realizing the system (4.12) with the parameter s belonging to the
remaining range s > −3·(2)−53 . This is a bit more tricky since we have no explicit
dependence of f and h on zx. To deal with this situation we observe that the general
solution to the equations (4.19), (4.13)-(4.14) is
z = exp
(
b arctan
(
y+y¯
x+x¯
))√
(x+ x¯)2 + (y+ y¯)2 − z¯,
where x¯, y¯, z¯ are integration constants. It is now convenient to introduce a new
variable
u = y+y¯
x+x¯
and to write down the para-CR coframe (3.4) for the para-CR structure associated
with this PDE in terms of five variables (y, x¯, y¯, z¯, u) rather than the variables
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(x, y, z, zx, zxx). This coframe reads:
(4.20)
ω1 =− dz¯+
exp
(
b arctanu
)
√
1+ u2
(
(1− bu)dx¯+ (b+ u)dy¯
)
ω2 =
exp
(
b arctanu
)
(1+ b2)u2
(1+ u2)
3
2 (y+ y¯)
(
udx¯− dy¯
)
ω3 =
− exp
(
b arctanu
)
(1+ b2)u3
(1+ u2)
5
2 (y+ y¯)2
(
(bu+ 3)udx¯+ (u2 − bu− 2)dy¯
)
ω4 = d
(
y+y¯
u
− x¯
)
ω5 = dy.
Now it is easy to see that the transformation ωµ 7→ θµ = Sµνων with
S =

at2u
3
√
1+u2(y+y¯)
0 0 0 0
2atbu
3
√
1+u2(y+y¯)
at
√
1+u2
u
0 0 0
a(9+5b2)u
18(1+b2)
√
1+u2(y+y¯)
2a(3+2bu)
√
1+u2
3(1+b2)u2
a(1+u2)
3
2 (y+y¯)
(1+b2)u3
0 0
2atbu
3
√
1+u2(y+y¯)
0 0
−t(1+b2)u2
(1+u2)(y+y¯)
t(1+b2)u
(1+u2)(y+y¯)
−a(9+5b2)u
18(1+b2)
√
1+u2(y+y¯
0 0
u(bu−3)
3(1+u2)(y+y¯)
−u(b+3u)
3(1+u2)(y+y¯)

,
and with a = e−b arctanu and t =
(
2b(9+b2)
)1
3
3(1+b2)
, brings this coframe to a para-CR in-
variant coframe θµ satisfying the homogeneous system (4.12) with s = −3(b
2−3)
2
(
2b(9+b2)
)2
3
.
And the range of this s is s > −3·(2)53 . To achieve all the values of s > −3·(2)53 it
is enough to take b > 0. 
5. Lie Symmetry Algebras
The point automorphism groups for cases (i), (ii), (iiia), (iiib) can be determined
infinitesimally. Indeed, a vector field with unknown coefficientsAi = Ai(x, y, z, p, r),
i = 1, . . . , 5:
X := A1 ∂x +A
2 ∂y +A
3 ∂z +A
4 ∂p +A
5 ∂r,
should act on 1-forms as the matrix (2.4), so that:
(5.1)
0 = LX(ω1)∧ω1,
0 = LX(ω2)∧ω1 ∧ω2 ∧ω3,
0 = LX(ω3)∧ω1 ∧ω2 ∧ω3,
0 = LX(ω4)∧ω1 ∧ω4 ∧ω5,
0 = LX(ω5)∧ω1 ∧ω4 ∧ω5.
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For instance, in case (ii), the first equation writes:
Lx(ω1)∧ω1 = dx∧ dy
[
p
(
A3y −
1
4
p2A2y − pA
1
y −
1
4
pA4 − 1
4
pA3x +
1
16
p3A2x +
1
4
A1x
)]
,
+ dx∧ dz
[
pA3z −
1
4
p3A2z − p
2A1z +A
3
x −
1
4
p2A2x − pA
1
x −A
4
]
+ dx∧ dp
[
p
(
A3p −
1
4
p2A2p − pA
1
p
)]
+ dx∧ dr
[
p
(
A3r −
1
4
p2A2r − pA
1
r
)]
+ dy∧ dz
[
1
4
p2A3z −
1
16
p4A2z −
1
4
p3A1z +A
3
y −
1
4
p2A2y − pA
1
y −
1
2
A4
]
+ dy∧ dp
[
p2
(
1
4
A3p −
1
16
p2A2p −
1
4
pA1p
)]
+ dy∧ dr
[
p2
(
1
4
A3r −
1
16
p2A2r −
1
4
pA1r
)]
+ dz∧ dp
[
−A3p +
1
4
p2A2p + pA
1
p
]
+ dz∧ dr
[
−A3r +
1
4
p2A2r + pA
1
r
]
.
Solving this linear system of partial differential equations, we get
Corollary 5.1. The Lie algebra of infinitesimal point automorphisms of the flat
model (i) is simple, isomorphic to so3,2(R), with the 10 generators:
X1 := xy∂x + y
2 ∂y − x
2 ∂z − (py+ 2 x)∂p − (2 ry+ 2)∂r,
X2 := − (x
2 − yz)∂x − 2 xy∂y − 2 xz ∂z −
(
1
2
p2y+ 2 z
)
∂p −
(
pry− 2 rx+ 2 p
)
∂r,
X3 := y∂x − 2 x ∂z − 2 ∂p,
X4 := xz ∂x − x
2 ∂y + z
2 ∂z −
(
1
2
p2x− pz
)
∂p +
(
1
2
p2 − prx
)
∂r,
X5 := z ∂x − 2 x ∂y −
1
2
p2 ∂p − pr ∂r,
X6 := x ∂x + 2 z ∂z + p∂p,
X7 := ∂x,
X8 := y∂y − z ∂z − p∂p − r ∂r,
X9 := ∂y,
X10 := ∂z,
having commutator table:
X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
X1 0 0 0 0 −X2 0 −X3 −X1 −X6 − 2X8 0
X2 ∗ 0 2X1 0 2X4 −X2 2X6 + 2X8 0 −X5 −X3
X3 ∗ ∗ 0 X2 −2X8 X3 2X10 −X3 −X7 0
X4 ∗ ∗ ∗ 0 0 −2X4 −X5 X4 0 −X6
X5 ∗ ∗ ∗ ∗ 0 −X5 2X9 X5 0 −X7
X6 ∗ ∗ ∗ ∗ ∗ 0 −X7 0 0 −2X10
X7 ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0
X8 ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 −X9 X10
X9 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0
X10 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0
In the CR context, observe that if S2 ⊂ R3 is an affinely homogeneous parabolic
surface, then the tubeM5 := S2×iR3 has transitive holomorphic symmetry algebra
hol(M), with an Abelian ideal a := Span {i∂z1 , i∂z2 , i∂w}. Conversely, for an M5 ∈
C2,1, it is not difficult to show that if hol(M) ⊃ a contains an Abelian ideal a with
rankCa = 3, then M5 ∼= S2 × iR3 is biholomorphically equivalent to the tube over
an affinely homogeneous parabolic surface S2 ⊂ R3.
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In the para-CR context, all the Lie algebras in cases (i), (ii), (iiia), (iiib) have
a 3-dimensional abelian ideal.
Corollary 5.2. The Lie algebras of infinitesimal point automorphisms of the ho-
mogeneous models (ii), (iiia), (iiib) are all 5-dimensional and solvable, and are
given in the (x, y, z, p, r)-space by the following generators together with their Lie
brackets:
X1 := x ∂x +
1
2
y ∂y +
3
2
z ∂z +
1
2
p ∂p −
1
2
r ∂r,
X2 := y ∂x − 2 x ∂z − 2 ∂p,
(ii) X3 := ∂x,
X4 := ∂y,
X5 := ∂z,
X1 X2 X3 X4 X5
X1 0 −
1
2
X2 −X3 −
1
2
X4 −
3
2
X5
X2 ∗ 0 2X5 −X3 0
X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0
X1 := x ∂x +
b z
b − 1
∂z +
p
b − 1
∂p −
r(b − 2)
b − 1
∂r,
X2 := y ∂y −
z
b − 1
∂z −
p
b − 1
∂p −
r
b − 1
∂z,
(iiia) X3 := ∂x,
X4 := ∂y,
X5 := ∂z,
X1 X2 X3 X4 X5
X1 0 0 −X3 0 −
b
b−1
X5
X2 ∗ 0 0 −X4 1b−1X5
X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0
X1 := x ∂x + y ∂y + z ∂z − r ∂r,
X2 := −y ∂x + x ∂y +ωz∂z +
(
− F +ωp) ∂p + (−2DF +ωr) ∂r
(iiib) X3 := ∂x,
X4 := ∂y,
X5 := ∂z,
X1 X2 X3 X4 X5
X1 0 0 −X3 −X4 −X5
X2 ∗ 0 −X4 X3 −ωX5
X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0
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